We have simulated the three-dimensional Heisenberg model on simple cubic lattices, using the single-cluster Monte Carlo update algorithm. The expected pronounced reduction of critical slowing down at the phase transition is verified. This allows simulations on significantly larger lattices than in previous studies and consequently a better control over systematic errors. In one set of simulations we employ the usual finite-size scaling methods to compute the critical exponents ν, α, β, γ, η from a few measurements in the vicinity of the critical point, making extensive use of histogram reweighting and optimization techniques. In another set of simulations we report measurements of improved estimators for the spatial correlation length and the susceptibility in the high-temperature phase, obtained on lattices with up to 100 3 spins. This enables us to compute independent estimates of ν and γ from power-law fits of their critical divergencies.
Introduction
Critical exponents are the distinguishing parameters characterizing continuous phase transitions. Most theoretical estimates of their values have been calculated along three different routes. First, assuming universality, from (resummed) perturbation expansions of generic field theoretical models. Second, from high-temperature series expansions of lattice models, and third, from Monte Carlo (MC) simulations of the associated Boltzmann distributions. All these approaches are based on resummation or extrapolation techniques whose systematic errors are difficult to control. To gain confidence in the numerical values of the exponents it is therefore quite important to have several independent approaches for cross-checks available.
Until a few years ago the precision of Monte Carlo estimates was comparatively poor, since this approach was plagued not only by systematic but also by statistical errors. The problem is that MC algorithms based on local update procedures are severely hampered near criticality by extremely long autocorrelation times (so-called critical slowing down) which reduce the effective statistics and thus increase the statistical errors considerably [1] . The recent development [2] of global update algorithms that overcome the problem of critical slowing down is a major step forward. It is this algorithmic improvement combined with the higher speed of modern computers that makes systematic tests of finite-size scaling (FSS) predictions [3] and a reliable computation of critical exponents much more feasible than a few years ago.
For spin systems cluster algorithms [4, 5] turned out to be particularly successful. Recent applications of the multiple [4] and single [5] cluster variants to two-dimensional (2D) Ising [6, 7, 8] , XY [9, 10, 11, 12] , Heisenberg [13, 14] and other O(n) [15] models have demonstrated that both variants are equally good tools to simulate these 2D systems. In three dimensions (3D), however, extensive tests for the Ising [6, 7, 16] and XY [17, 18] models clearly showed that the single-cluster variant is the superior algorithm. In our study of the 3D Heisenberg model we have therefore chosen the singlecluster update algorithm [19] . The set-up of our simulations is described in some detail in Sec. 2.
There are of course many sources for a comparison with simulations based on the standard local heatbath [20] or Metropolis [21, 22] algorithm. In a recent series of papers Peczak et al. [23, 24] used the latter algorithm com-bined with histogram reweighting techniques [25, 26, 27, 28] to estimate the critical coupling and the critical exponents of the 3D Heisenberg model from a FSS analysis of simulations on simple cubic lattices [23] and investigated also its (exponential) autocorrelation time τ 0 [24] . Their result, τ 0 ∝ L z , with dynamical critical exponent z = 1.94 (6) , shows that τ 0 is rapidly increasing with the linear lattice size L and explains why they could not go to systems larger than 24 3 . Since, as expected, the autocorrelation time for the single-cluster algorithm turns out to be almost independent of L we could study much larger lattices of size up to 48 3 in reasonable computer time. Our results described in Sec. 3 provide evidence that the asymptotic FSS region is indeed reached quite early or, in other words, that the amplitudes of correction terms are very small. The present study thus significantly reduces the danger of systematic errors in the MC estimates of critical exponents from FSS analyses.
In Sec. 4 we report another set of high-precision simulations, done this time in the high-temperature phase. There we use variance reduced "cluster estimators" [14] for the spatial correlation length, ξ, and the susceptibility, χ. By going to very large systems with up to 100 3 spins we have made sure that these data have only negligible finite-size corrections well below the statistical errors of about 0.2%. Least-square fits of the critical divergencies of ξ and χ to the well-known power-laws yield independent estimates for the critical coupling and the critical exponents ν and γ. Obviously this is another useful check on residual systematic errors. Finally, in Sec. 5, we briefly discuss and summarize our main results.
The model and simulation techniques
Let us start with a brief description of the model and some remarks on the simulation techniques we have used. The partition function of the Heisenberg model is given by
where β ≡ J/k B T is the (reduced) inverse temperature and the energy is
Here s = (sin θ cos φ, sin θ sin φ, cos θ) are three-dimensional unit spins at the sites x of a simple cubic lattice of size V ≡ L 3 , and i are unit steps in the three coordinate directions. We always employ periodic boundary conditions.
Algorithm
For the closely related 3D Ising and XY models it has been shown [6, 16, 17, 18] that the single-cluster update is the fastest MC algorithm available. We have therefore chosen this variant for our study of the 3D Heisenberg model. One update in the single-cluster variant consists of choosing a random mirror plane and a random site, which is the starting point for growing a cluster of reflected spins. The size and shape of the cluster is controlled by a Metropolis like accept/reject criterion satisfying detailed balance [5, 9] . Compared with the multiple-cluster algorithm this variant is technically somewhat simpler to implement and, more importantly, in three dimensions numerically more efficient. The reason is that, on the average, larger clusters are moved.
To test the performance of the algorithm we have recorded autocorrelation functions,
and O i denoting the i-th measurement of an observable. We have focussed on the integrated autocorrelation time, τ ≡ 1 2
, which describes the enhancement of the statistical error, ǫ = σ 2 /N √ 2τ , for the mean value over a sample of N correlated measurements of variance σ 2 . The infinite sum was always self-consistently cut off at k max ≈ 6τ [29, 30, 31] .
Recall that for the single-cluster update some care is necessary in defining the unit of time, since in each update step only a relatively small fraction of the spins is moved, depending on temperature and lattice size. More precisely, our results show that near β c and for all lattice sizes, the average cluster size, |C| , is proportional to the susceptibility,
(with roughly the same constant as in two dimensions [14] ), whereχ
. At β c , the susceptibility behaves like χ ∝ L γ/ν = L 2−η (with very small η ≈ 0.04), so that with increasing lattice size the fraction of moved spins in each update step decreases like |C| /V ∝ L −(1+η) , i.e., roughly ∝ 1/L. Since the CPU time needed for a single-cluster update is approximately proportional to the number of moved spins, it is convenient to use N 0 ≡ V / |C| ∝ L 1+η single update steps as unit of time. This is then directly comparable with other schemes that attempt moves for all spins in one update step. All our autocorrelation times refer to this unit of time (Metropolis-equivalent unit) which can always be achieved by a rescaling of the time variable.
For the susceptibility we typically find τ ≈ 1.5 − 2.0. The values of τ for each simulation are given in Table 1 . Already our rough estimate of τ shows that for large system sizes the single-cluster update clearly outperforms the Metropolis algorithm, for which the exponential autocorrelation time τ 0 has recently been determined [24] to be τ 0 = aL z , with amplitude 1 a ≈ 3.76 and dynamical critical exponent z = 1.94(6). For our largest lattice size L=48 this implies a reduction of the autocorrelation time by about three orders of magnitude. A more detailed study of the autocorrelations is in preparation.
To extract the critical exponents we have performed two sets of simulations; one in the critical region where the correlation length of the infinite system is much larger than the linear system size, ξ ∞ ≫ L, and the other in the high-temperature phase, making sure that ξ ∞ ≪ L to reduce finite-size corrections as much as possible. The quantities we have measured are the internal energy, specific heat, correlation length, average cluster size, susceptibility, and higher order moments. In the critical region this can be done most efficiently by combining the single-cluster update with multi-histogram sampling techniques, and in the high-temperature phase by using improved estimators for measurements.
Improved estimators
An improved "cluster estimator" for the spin-spin correlation function in the high-temperature phase,
, is given by [14] 
where r is the normal of the mirror plane used in the construction of the cluster of size |C| and Θ C (x) is its characteristic function (=1 if x ∈ C and 0 otherwise). For the Fourier transform,Ĝ(k) = x G(x) exp(−ikx), this implies the improved estimator
which, for k = 0, reduces to an improved estimator for the susceptibilityχ in the high-temperature phase,
Note that we follow in the definition of the susceptibilityχ in the high temperature section the standard convention of omitting the β-factor. From the theoretically expected small k behavior of the inverse Fourier transform,
where c is a constant and
. . , L, one may extract the correlation length ξ by measuringĜ for a few long-wavelength modes and performing least-square fits to (8) . In our simulations we have measuredĜ(k) for n = (0,0,0), (1,0,0), (1,1,0), (1,1,1), (2,0,0), and (2,1,0) (see Sec. 4). It is well known that by means of the estimators (5)-(7) a significant reduction of variance can only be expected outside the FSS region where the average cluster size is small compared with the volume of the system.
Histogram techniques
Even though histogram reweighting techniques have been known since long [25] , they have gained increasing popularity as a practical tool only quite recently [26] . The best performance is achieved near criticality, and in this sense the histogram reweighting technique is complementary to the use of improved estimators. It is a quite general technique of data analysis based on the simple idea of recording whole distribution functions, and not only their first few moments (e.g., the average energy and specific heat), as is usually done. The energy distribution P β 0 (E) (normalized to unit area) at inverse temperature β 0 can be written as
where ρ(E) is the density of states with energy E. It is then easy to see that an expectation value f (E) can in principle be calculated for any β from
To keep the notation short we have suppressed the lattice-size dependence of
In practice the continuous energy has to be discretized into bins of size ∆E, and one measures the associated histogram P β 0 (E) = P β 0 (E)∆E. Since the wings of P β 0 (E) have large statistical errors, one expects eq. (10) (or its obvious discrete modification) to give reliable results only for β near β 0 . If β 0 is near criticality, the distribution is relatively broad and the method works best. In this case reliable estimates from (10) can be expected for β values in an interval around β 0 of width ∝ L −1/ν , i.e., just in the FSS region. The Fig. 1(a) shows three typical energy histograms measured at slightly different temperatures near the critical point for the lattice size L=48.
The information stored in
is not yet sufficient to calculate also the magnetic moments m k (β) with m = | m| as function of β from a single simulation at β 0 . Conceptually, the simplest way to do so is to record the two-dimensional histogram P β 0 (E, M), where M = mV is the total magnetization (in general we will denote by small letters quantities per site, and the associated total quantities by the corresponding capital letters). Since disk space limitations prevented us from doing that 2 we have measured instead the "microcanonical averages"
where we have used the trivial relation M P β 0 (E, M) = P β 0 (E). In practice this can be done simply by accumulating the measurements of m k in different slots or bins according to the energy of the configuration and normalizing at the end by the total number of hits of each energy bin. Clearly, once m k (E) is determined, this is a special case of f (E) in eq.(10), so that
Similar to ρ(E) in (9), theoretically the microcanonical averages m k (E) do not depend on the temperature at which the simulation is performed. Due to the limited statistics in the wings of P β 0 (E), however, there is only a finite range around E 0 ≡ E (β 0 ) where one can expect reasonable results for m k (E). Outside of this range it simply can happen (and does happen) that there are no events to be averaged. This is illustrated in Fig. 1(b) , where m (E) is plotted versus energy as obtained from the three runs which gave the energy histograms in Fig. 1(a) . We see that the function looks smooth only in the range where the corresponding energy histogram in Fig. 1(a) has enough statistics.
To take full advantage of the histogram reweighting technique we have performed for each L typically three 3 simulations at slightly different inverse temperatures β i . Using histogram reweighting and jackknife-blocking [33] we computed the β-dependence of the expectation values for all interesting thermodynamic observables
where ∆O is given by
This expression minimizes the relative error ∆O/O. The reweighting range of each simulation, i.e., that range in which the energy histogram has enough statistics to allow for (10) to be valid, was determined by the energy values at which the histogram had decreased to a third of its maximum value [34] . From the energy range one can then deduce a corresponding β-range. Only the values inside this β-window were used for the optimized combination (13) , the contributions of the other values were suppressed by giving them zero weights. We also implemented the optimized histogram combination discussed in ref. [27] to cross-check the results obtained by (13) for the specific heat.
The Fig. 1(c) shows the weights for the optimal combination of the primary energy histograms according to the prescription of ref. [27] , i.e., which gives the optimal combination of the three estimates for N(E) ≡ ρ(E)∆E. Both methods gave comparable results within the statistical errors. We preferred our optimization procedure over the optimized histogram addition because it is simpler to apply to quantities involving constant energy averages such as m (E), and, more importantly, minimizes the error on each observable of interest separately.
Results at criticality and finite-size scaling analysis
We investigated in our MC study simple cubic lattices of volume V = L 3 , where L=12, 16, 20, 24, 32, 40, and 48. For each L we have made at least three simulations at three different temperatures compiled in Table 1 . For all L we took β = 0.6929, because this is the critical inverse temperature found in the recent study of Peczak et al. [23] . We analyzed this run to locate a first estimate for the temperatures of the maxima of the specific heat and the susceptibility for each L, and used those two temperatures for our other two simulations. This choice has the advantage that both locations of the maxima scale approximately like L −1/ν which is also the region after which the energy distribution P β (E) has decreased by roughly the same factor for all L. We can therefore expect to have always enough overlap to ensure a safe reweighting of our three histograms into the β-region of interest. A further advantage is that the two maxima approach T c from different sides.
For each configuration we recorded the energy histogram P β (E), using 90000 bins to discretize the continuous energy range 0 ≤ E ≤ 3V . We have checked that this binning is fine enough to ensure negligibly small discretization errors. In addition we recorded the microcanonical averages of m (E), m 2 (E), and m 4 (E). These histograms provided us with all necessary information to calculate all thermodynamic quantities of interest. Every 10000 measurement steps we recorded a copy of each histogram, so that we were able to compute errors by standard jackknife-blocking [33] .
Binder parameter U L (β)
We have used the histogram reweighting technique to find the β-dependence of the Binder parameter [35] ,
To obtain a single curve U L (β) for each lattice size L from the three simulations at temperatures compiled in Table 1 we used our optimized combination of eq. (13). In (15) we adapt the usual normalization convention, although the factor 3 is only really motivated for the Ising (O (1)) model. For general O(n) models it is easy to show that in the high-temperature limit Gaussian fluctuations around m = 0 lead to U L → 2(n − 1)/3n. For n = 1 this gives a zero reference point, but for the Heisenberg model with n = 3 we get the quite arbitrary looking limit U L → 4/9. In three dimensions, we are for low temperatures always in the magnetized phase and hence have for all n trivially U L → 2/3. It is well known [35] that the U L (β) curves for different L cross around (β c , U * ) with slopes ∝ L 1/ν , apart from confluent corrections explaining small systematic deviations. This allows an almost unbiased estimate of β c , the critical exponent ν, and U * . Field theoretical expansions in
This follows from the expansion
,
√ ǫ = −0.76815456 √ ǫ, and in the last line we have abbreviated R ≡ Γ(1/4)/Γ(3/4) = 2.95867512 . . .. Notice also that (15) can be rewritten as
is the variance of the susceptibility. In the T → ∞ limit we get σ 2 . Figure 2 shows the crossings of the U L (β) curves on a large scale, which gives a first estimate of (β c , U * ). To extract more precise values of U * and β c from our data we used that the locations of the crossing point
′ /L, due to the residual corrections to FSS [35] . To have enough data points for a straight line fit we used only the crossing points of the L=12 and L=16 curves with all the other ones with higher L ′ -value, which gave us 6 and 5 data points, respectively. The two least-square extrapolations in the plot of T × vs 1/ log b shown in Fig. 3 are consistent with each other and gave us the values β c = 0.69297 (9) and β c = 0.69298 (13) respectively. Combining the two values we obtained
The errors on T × were obtained by using the crossings of
, where ∆U L are the errors on U L obtained via the jackknife procedure. Our result (19) is in good agreement with the value given in ref. [23] , β c = 0.6929(1), but significantly higher than estimates from analyses of high-temperature series expansions [36, 37] .
A similar analysis [35] was used to determine U * , which resulted in U * = 0.62175 (35) and U * = 0.62141(75), repectively, from which we extract the final estimate U * = 0.6217 ± 0.0008.
The theoretical prediction (16) based on the √ ǫ-expansion is about 4%
smaller than this value. The deviation is somewhat less than for the XY model where it is about 6% [17, 18] . To determine the derivative dU L /dβ, we first used a finite difference approximation at our estimate of β c . But we observed that the results depended very sensitively on the interval of the linear approximation, and on the kind of finite difference derivative used, i.e., backward, forward, or symmetric derivative. We have therefore chosen another method [38] to calculate the slope of U L (β) that is less sensitive to systematic errors. We took the thermodynamic derivative of U L with respect to β, which can be written as
The expectation values for m k E (β) at any temperature β can be calculated from
generalizing eq. (10). For each L and β we obtained in this way three estimates of
(β) that we combined optimally according to the errors of dU L dβ . In Fig. 4 we plot dU L dβ (β c ), taken at our estimate of β c = 0.6930, versus L on a log-log scale. From the inverse slope we read off
with a quality factor Q=0.61, relying on the linear least-square fit routine FIT of ref. [39] . For comparison, the field theoretical estimates are ν = 0.705(3) (resummed perturbation series [41] ), ν = 0.710(7) (resummed ǫ-expansion [42] ). We noted that the value of ν derived in this way was strongly dependent on the temperature at which it was extracted. It turned out that the systematic errors one gets by choosing a slightly different value for β c are larger than the statistical errors. The strong β-dependence of dU L dβ has its origin in the large system sizes we used that make the thermodynamic quantities vary very rapidly with β. 
Magnetization and susceptibility
To extract the ratio of critical exponents β/ν we used that the magnetization at β c should scale for sufficiently large L like [3] 
The slope of the straight line in the log-log plot shown in Fig. 5 of m vs L at β c = 0.6930 gives a value of
with a Q-value of 0.68 of our linear least-square fit routine. We noted again that the systematic error of choosing an incorrect β c was larger than the statistical error coming from the fit. For example, for fits of m at the two inverse temperatures β = 0.6929 and β = 0.6931 we obtained β/ν = 0.519 (1) and β/ν = 0.509(1) with values Q = 0.30 and Q = 0.31, respectively. We take the significant lower Q-values as supporting our estimate of β c (compare also Fig. 8 and the discussion of the Q-values later in this section). Using our estimate of ν = 0.704(6) we get for the critical exponent of the magnetization β = 0.362(4). On finite lattices an estimator for the magnetic susceptibility per spin is given by
where the superscript c stands short for "connected". In the high-temperature phase the true magnetization vanishes, m = 0, and one may also use
Since both expressions should scale at criticality like L γ/ν = L 2−η a straight line fit in a double logarithmic plot of χ/L 2 versus L gives an estimate of η. We preferred to visualize η as opposed to γ/ν because η is the more sensitive parameter. The results for different choices of β c are shown in Fig. 6 . We see that our estimate of β c in (19) seems to be very reasonable, which is also supported by the fact that it results in the fit with the highest Q-value. The fact that the curves with β > β c (β < β c ) bend upwards (downwards) is easily understood by recalling that in the low-temperature phase χ scales with the volume V = L 3 , while in the high-temperature phase χ eventually saturates at a finite value for any L. Close to criticality, as long as the scaling variable x ≡ (1 − β/β c )L 1/ν satisfies |x| ≪ 1 and L ≫ 1, we expect from FSS that the deviations from −η log L + c 0 should be simply given by c 1 x, where c 0 and c 1 are approximately constant (apart from small confluent corrections ∝ L −ω ). For all data points in Fig. 6 we have |x| < 0.18 and the linear scaling with (1 − β/β c ) is obviously satisfied. Moreover, a closer look shows that also the scaling with L 1/ν is very well confirmed (using our estimate of ν = 0.704 the deviations from the straight line fit of the curves at β = β c for L = 32, 40 and 48 should be stronger than those for L = 24 by factors of about 1.5, 2.1 and 2.7, respectively). In fact, in a scaling plot all curves would fall on top of each other. The theoretical predictions for η are 0.040(3) (resummed ǫ-expansion) and 0.033(4) (resummed perturbation series), and inserting (25) Table 2 . Our three estimates for η barely agree in the 2σ range, but this is mainly due to the low estimate of η coming from the χ cfit. This behavior of the χ c scaling law is in agreement with the findings of refs. [23, 32] , who also observed that the χ c -fit results in a noticeably lower η value. As our final estimate we take the result from the best fit of χ at β c = 0.6930, yielding η = 0.0271 ± 0.0017.
This in turn implies γ/ν = 2 − η = 1.9729 (17) and, using again our value of ν, γ = 1.389 (14) . From the temperature locations T χ c max of the (connected) susceptibility maxima one can get another estimate of β c by using the scaling prediction T χ c max = T c +aL −1/ν +. . .. Using our previously determined value of ν = 0.704 we get from the linear fit shown in Fig. 7 the estimate β c = 0.6930(3), with Q=1, which is in excellent agreement with our result (19) for β c obtained from the U L crossing points. The data for the fit is compiled in Table 3 .
When we did our least-square fitting of quantities extracted at a particular β, we noticed that the Q-value can also be used as a very sensitive measure to obtain an estimate of the critical temperature, whose error is comparable to the one obtained from the fits to the U L crossing points. Obviously if one extracts data at temperatures away from β c the subleading corrections to the scaling laws become more important and worsen the fit substantially, especially if large lattices are used. In Fig. 8 we plot the quality factor Q obtained from log-log linear least-square fits of the quantities (β) and χ c (β) do not peak so sharply at some β and are asymmetric with respect to their peak location, falling off very slowly on the high-temperature side. The slow variation of the Q-value of the dU L dβ (β)-fits indicates that Binder's method to determine ν is less sensitive to the choice of β c than the FSS method for β/ν and γ/ν, as is expected on theoretical grounds [35] . This is reflected in our data for ν, where the systematic errors for different choices of the critical coupling are of the order of the statistical errors, whereas for β/ν they are five times as big.
Energy and specific heat
Assuming hyperscaling, α = 2 − Dν, to be valid and inserting our estimate ν = 0.704(6), we get a negative value for the critical exponent of the specific heat, α = −0.112 (18) . This implies a cusp like singularity at T c , but no divergence at all. Although at first sight this sounds numerically very convenient, it turns out that the specific heat is the hardest observable to analyze. On one hand it is quite easy to get the peak height with good precision due to the smoothness of the specific heat. On the other hand, however, the scaling behavior is quite unclear for α < 0, since one has to deal with large, non-universal background terms. For the peak location, T Cmax (L), the scaling behavior is of the usual form T Cmax (L) ≈ T C + aL −1/ν , but now the smoothness of the peaks makes it numerically difficult to determine T Cmax (L) with high precision.
We calculated the specific heat in two different ways, once from the energy fluctuations as
and the other time as a finite difference derivative approximating C = de/dT . Both definitions resulted in similar curves, and this time the choice of the finite difference scheme did not affect the results. Because the curves of definition (29) were smoother in appearance, we decided to use solely the first definition to extract our scaling information. The maximum of the specific heat should scale as
where C reg max is a regular background term. Using the routine MRQMIN of ref. [39] we obtained from a three-parameter fit the values C reg max = 4.17(97), a = 3.98 (17) , α/ν = −0.33 (22) , with a Q-value of Q=0.69. Using our estimate of ν = 0.704(6), this results in α = −0.23 (16) . This estimate is clearly larger than the one obtained through hyperscaling but, due to its large error bar, it is still consistent. By imposing the hyperscaling value of α/ν = 2/ν − 3 = −0.159, we also did a linear fit of C max (L) vs L α/ν that gave us C reg max = 5.79 (12) , and a = 5.00(19) with 4 Q = 0.71. Both curves fit the data almost equally good as can be inspected in Fig. 9 .
The fit of T Cmax (L) versus L −1/ν is shown is Fig. 7 . Assuming ν = 0.704, our linear fit routine gave β c = 0.6925(9) with Q=0.80. Due to the large error bars on T Cmax this estimate has the largest statistical scatter, but is still in agreement with our previous estimates of β c . The data for the fit can be found in Table 3 .
Results in the high-temperature phase
Let us now turn to the analysis of our second set of simulations which were performed in the high-temperature phase. Here we have mainly concentrated on measurements of the spatial correlation length, ξ, and the susceptibility, χ, using the improved estimators of Sec. 2.2. From least-square fits to the critical divergencies of ξ andχ as function of T or β we can get independent estimates of the critical coupling β c and of the critical exponents ν and γ. This of course requires to keep finite-size corrections as small as possible. We therefore have chosen the linear size of the lattices to satisfy the condition L ≥ 8ξ, which proved in related studies [11, 12] to be a safe condition. In a few cases we have checked this once again by performing test runs at smaller L ≈ 5 − 7ξ. As a result, to avoid the most severe finite-size corrections, also for this model it would probably be sufficient to choose L ≈ 6ξ.
Our final data set consists of 18 points between β = 0.650 and β = 0.686 (corresponding to correlation lengths ξ = 3, . . . , 12, see below), using lattices of sizes between 32 3 and 100 3 . The simulation parameters together with the statistics and the results are compiled in Table 4 . The statistics is given in terms of N, the number of measurements of the standard estimators which, on the average, were taken after f × V spins are flipped. The number of Metropolis equivalent sweeps is then simply f × N. The average cluster size |C| is given in terms of the ratio |C| /χ imp which is only very slowly varying over a wide temperature range. The column labeled with C shows the specific heat calculated from the energy fluctuations. For comparison we give for the susceptibility the averages over standard as well as over improved estimators. We see that the errors onχ imp are smaller by about a factor of 2−3. It should be mentioned that the errors onχ could be somewhat reduced by doing measurements more frequently (i.e., by choosing smaller values of f ). The reason is that the (integrated) autocorrelation time forχ is still very small on the time scale at which the measurements are taken (≈ 0.8, translating in Metropolis equivalent units to 0.8 × f ≈ 0.1). On the other hand it should be kept in mind that each standard measurement takes O(V ) operations, so that too small a factor f would slow down the simulation considerably. The correlation length in the last column was extracted from fits to the inverse Fourier transform of the spatial correlation function as described in Sec. 2.2. We always used the lattice momentum squared, Fig. 10 this procedure is illustrated for our largest lattice of size 100 3 . We have checked that within error bars the estimates for ξ imp do not depend on how many Fourier coefficients we use in the fits. This observation is also supported by the very reasonable values of the goodness-of-fit parameter for all fits. Notice that even the simplest expression, ξ imp = (Ĝ(0)/Ĝ(1) − 1) 1/2 /2 sin(π/L) (involving no fit at all), can be used. Our final results for ξ imp in Table 4 are from fits using all six possible k values up to k = (2π/L)(2, 1, 0), since the error estimates trivially decrease with the number of points taken into account.
In what follows we describe the least-square fit techniques employed to determine the critical coupling and the exponents ν and γ from the raw data in Table 4 . Although we are quite confident in the accuracy of the correlation length results, we shall first consider the susceptibility data which,á priori, is more reliable since no intermediate analyses are involved.
Susceptibility
Starting with the simplest ansatz,
we obtained from a non-linear three-parameter least-square fit to all 18 data points (usingχ imp ) β c = 0.69294 ± 0.00003, (32) γ = 1.391 ± 0.003, (33) 
with a chi-squared of χ 2 = 7.83, corresponding to a goodness-of-fit parameter Q = 0.93, which clearly justifiesá posteriori the ansatz (31) . The very precise estimate for β c is only little lower than our previous value (19) , β c = 0.6930(1), derived from FSS analyses of the U L crossing points. The exponent γ agrees very well with the field theoretical estimates, γ = 1.386(4) (resummed perturbation series [41] ), γ = 1.390(10) (resummed ǫ-expansion [42] ). The amplitudeχ 0 is close to the mean-field value,χ (2) as input). We could not trace any more recent published number to compare with. From the HTS analyses in ref. [37] , however, it is straightforward to derive another comparative value forχ 0 . Expanding the ansatz for the dominant singularity (31) into a power series in β, inserting the estimates for the critical parameters given in Table 4 of ref. [37] , β c = 0.6924(2), γ = 1.387(4) (Padé approximants) and β c = 0.6925(1), γ = 1.395(5) (ratio method), and comparing with the coefficients of the HTS expansion [37, 43] , we obtain a sequence of amplitude values that stabilize with increasing order of the expansion atχ HTS 0 ≈ 0.9508 andχ HTS 0 ≈ 0.9326, respectively. Moreover, using our values (32) and (33) for β c and γ, we obtain by the same procedure a very smooth sequence for χ 0 yielding asymptoticallyχ 0 = 0.9501. The smoothness indicates that the simplest ansatz (31) together with our estimates (32)- (34) represents an excellent extrapolation of the HTS expansion, whose quality is comparable (if not better) with the results given in ref. [37] .
As a further self-consistency check of the range of validity of the ansatz (31) we tested for the asymptotic scaling region by successively discarding more and more data points with small correlation length. As is demonstrated in Fig. 11 for β c , only a weak downward trend is observable which, compared to the error bars, is hardly significant. We can thus conclude that the ansatz (31) passes all usual self-consistency checks and that the estimates (32)- (34) should thus be reliable.
It is of course surprising that the simple ansatz (31) works even for data points with correlation lengths as small as ξ ≈ 3. Theoretically we would have expected to see confluent correction terms of the typeχ conf (1 − β/β c ) −γ+∆ 1 , where ∆ 1 = ων ≈ 0.55 [41, 42] 5 is the confluent correction exponent [44] , and analytic correction terms of the Darboux type,χ anal (1 − β/β c ) −γ+1 , leading to the more general ansatz
Including both correction terms as free parameters into the fit routine is a hopeless enterprise. Instead, we first tried fits with β c held fixed at values around 0.69290 in steps of 0.00001, and γ,χ 0 ,χ conf , andχ anal as free parameters. The quality of the fits remained high for a large range of β-values. The best fit with Q = 0.97 was obtained for β c = 0.69281 and gave γ = 1.365(25), χ 0 = 1.06(17),χ conf = −0.11(79), andχ anal = −0.25 (1.18) . We see that the correction terms come out to be consistent with zero, but that the error bars are fairly large due to the increased number of free parameters, so that no definite conclusion can be drawn from these fits. We therefore decided to perform two further types of fits. First, we added to the leading term in (35) only the analytic correction term (i.e., we enforced the amplitude of the confluent correction term to be zero), and second, we tried to use only the confluent correction term with fixed ∆ 1 = 0.55 (i.e., we put the amplitude of the analytic correction equal to zero). Fitting thus all 18 data points to the ansatz (35) with eitherχ conf orχ anal held fixed at zero we get for the other amplitudeχ anal = −0.40 (27) orχ conf = −0.35 (26) , respectively. The Q-value improves only marginally, and the amplitudes are still almost consistent with zero. The other parameters change slightly, but due to the much larger error bars than for the simple fit (31) they are still compatible.
The latter fits are non-linear four-parameter fits which are usually quite difficult to stabilize. To cope with this problem we followed ref. [11] and used the following method. For any pair of values β c , γ we first minimized in the linear parametersχ 0 andχ anal (orχ conf ), which can be done exactly (up to round-off errors). This yields a chi-squared function χ 2 (β c , γ,χ 0 (β c , γ), χ anal (β c , γ)) = χ 2 (β c , γ) which depends on two non-linear parameters only and can be minimized reliably by standard subroutines. Finally we used the so determined estimates of β c , γ,χ 0 ,χ anal (orχ conf ) as initialization of the non-linear fit-routine MRQMIN of ref. [39] , which yields then slightly improved parameter values and standard error estimates. The fits with γ,χ 0 ,χ conf andχ anal as free parameters were performed similarly. One can also rewrite eq. (35) as a function of T ,
This form is obtained from (35) by a simple change of variable β → 1/T , expanding around T c , and keeping the same correction terms. We believe that (36) withχ ′ conf = χ ′ anal = 0 is,á priori, as justified as the simplest β-dependent ansatz (31) . Since HTS analyses are based on expansions in β, there is definitely a bias to prefer the ansatz (31). We are not aware, however, of a mathematically sound justification for this choice. For what we think is a counter-example see our correlation length analysis below.
Because the simplest β-dependent ansatz (31) works so good, it is thus clear that for the temperature dependent fit ansatz we have to take into account the analytic correction term. As anticipated, trying to fit the simplest ansatz (36) withχ ′ conf =χ ′ anal = 0 to all 18 data points results in a fit with a comparatively poor chi-squared of χ 2 = 21.66, corresponding to Q = 0.12. By again successively discarding the data points with small correlation length, the quality of the fit improves rapidly, and in Fig. 11 we see a weak trend that the values of β c from the two types of fits may approach each other asymptotically.
The fit to all 18 data points withχ ′ anal as a free parameter agrees perfectly with the corresponding β-dependent ansatz (also withχ anal as a free parameter), yielding the expected correction amplitudeχ The main result of all our efforts is that on the basis of standard statistical tests, the simple ansatz (31) turns out to be justified. We emphasize this point becauseá priori it is not at all clear that the confluent correction is extremely small and that also the analytic correction is negligible if the proper variable (β in the case ofχ) is chosen. Although we feel that the corrections cannot completely be ignored, one would need more accurate data to account for these corrections in a reliable way.
Correlation length
We have repeated the same type of analysis for the correlation length data. Starting again with the simplest possible ansatz taking into account only the leading singularity, we find this time that the temperature dependent ansatz,
is well behaved. It should be emphasized that, as far as the role of β and T is concerned, this is just opposite to the situation for the susceptibility. The fit to all 18 data points in Table 4 yields
with a chi-squared of χ 2 = 8.14, corresponding to a goodness-of-fit parameter Q = 0.92, which may again be taken asá posteriori justification of the simple ansatz (37) . The estimate for β c is somewhat smaller than the previous estimates, and also the exponent ν is only barely compatible with our FSS value ν = 0.704 (6) and with the field theoretical estimates, ν = 0.705(3) (resummed perturbation series [41] ), ν = 0.710(7) (resummed ǫ-expansion [42] ), but it still lies within the 2σ error interval of these estimates. If we extract ξ from fits through the four lowest k values only, we obtain the same central values as in (38)- (40) with about 1.5 times bigger error bars and a Q-value of 0.99. In Fig. 11 we see that fits with the ansatz (37) are very stable against discarding more and more data points with small correlation length.
Correspondingly, if we include into the T -dependent ansatz one correction term at a time, as described in the susceptibility analysis, we obtain amplitudes that are fully consistent with zero, ξ (76)). Similar to the susceptibility the confluent amplitude, however, comes out much too large in an attempt to mimic the analytic correction term. We can thus conclude that also for the correlation length confluent corrections are negligible. Analytic correction terms are important in the β-dependent ansatz but negligible in the T -dependent ansatz, just opposite to the situation for the susceptibility.
It is noteworthy that, using correction terms, the value of ν slightly increases, just opposite to the case of the susceptibility data, where the value of γ decreases when corrections are included. It is impossible to find an objective criterion for the systematic errors, but, with what we experienced, we feel that they are at least of the order of the statistical errors, in particular for the susceptibility, where the correction terms seem to be somewhat more important than for the correlation length.
Combining the estimates for β c from the susceptibility and correlation length data in the high-temperature phase we obtain a final estimate of
which is slightly smaller than our crossing value of 0.6930(1), but in agreement with the MC estimate by Peczak et al. [23] .
The exponent η
Finally, we have combined the scaling behavior of ξ andχ to get a direct estimate of the exponent η = 2 − γ/ν from the relationχ ∝ ξ γ/ν , or
where c is a constant. By plottingχ/ξ 2 vs ξ on a log-log scale as in Fig. 12 (a) we thus expect asymptotically for large ξ a straight line with slope −η. We see that up to ξ ≈ 12 our data still give a curved line, indicating that corrections to asymptotic scaling cannot yet be neglected. Taking a linear envelope to the last few points as rough estimate, we obtain η ≈ 0.05. Alternatively we can define an effective exponent η
/ log (ξ i+1 /ξ i ) as the local slope between two points in Fig. 12(a) . Since this gives quite noisy results we have actually computed the local slopes from linear fits through three and four points, denoted by η (3) eff and η (4) eff , respectively. These effective exponents are plotted vs ξ on a logarithmic scale in Fig. 12(b) . Again we see that up to correlation lengths of the order of ξ ≈ 12 the effective exponents have clearly not yet reached the asymptotic value (= η). However, assuming a monotonic behavior as ξ → ∞ we get at least an upper bound, η < 0.05. Recall the field theory values which are η = 0.033(4) (resummed perturbation series [41] ), η = 0.040(3) (resummed ǫ-expansion [42] 6 ). Estimates for the other critical exponents can be derived using (hyper-) scaling laws. We obtain β = Table 5 ).
Concluding remarks
In conclusion we have shown that the single-cluster update eliminates critical slowing down for the three-dimensional Heisenberg model almost completely. As for the 3D Ising and XY model we expect that it is more efficient than the multiple-cluster algorithm, but this has not yet been explicitly verified due to the lack of data for the multiple-cluster algorithm. Combined with histogram reweighting and optimization techniques, finite-size scaling analyses allow a precise Monte Carlo determination of the critical exponents of the 3D Heisenberg model, whose accuracy is comparable with the best estimates coming from field theoretical methods. Direct analyses of thermodynamic measurements based on improved estimators in the high-temperature phase yield compatible results. For the reader's convenience we have compiled some relevant sources on the critical parameters of the classical 3D Heisenberg model in Table 5 . Overall, our results are in good agreement with the Monte Carlo values reported recently by Peczak et al. [23] . In particular we confirm that the value for β c on a simple cubic lattice is significantly higher than previous estimates coming from analyses of high-temperature series expansions. We would like to remark, however, that a very recent analysis [47] of extended series expansions [48] (up to 14th order), using more refined Padé-approximant techniques, is consistent with the MC estimates. Table 1 : Measurement statistics: N is the number of measurements, taken after f × L 3 spins are flipped (on the average), |C| is the average cluster size that is measured after each update step, and τ is a rough estimate of the autocorrelation time in Metropolis-equivalent units. Table 5 : Various sources for estimates of the critical parameters for the classical 3D Heisenberg model. For the MC simulations scaling relations were used to obtain estimates for α (all) and β (only HT), and the FSS values of the exponents γ and β were calculated from the measured ratios, using the estimate for ν. The field theory estimates of ratios with ν are calculated from the values and errors of the critical exponents. The weights for the optimal combination of the histograms according to the procedure in ref. [27] . [23] ), and at the positions of the maxima of the specific heat C and the susceptibility χ c , respectively. The solid curve is a non-linear three-parameter fit, whereas the dashed curve comes from a linear fit with fixed α/ν = 2/ν − D = −0.159, employing hyperscaling arguments and our estimate of ν = 0.704(6). The critical coupling β c as estimated from non-linear three-parameter fits to ξ andχ assuming the leading power-law singularity only, written as function of β or T . The x-axis shows how many data point are taken into account in these fits (i.e., from right to left more and more points with small correlation length are discarded). In order to disentangle the error bars two curves are slightly displaced in x. The effective critical exponent η eff vs ξ on a logarithmic scale, using two different discretization schemes. The asymptotic value of η eff as ξ → ∞ is an estimate for the critical exponent η = 2 − γ/ν.
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